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We explore the scattering of Dirac electrons in a double-gated topological insulator in the presence
of magnetic proximity effects and warped surface states. It is found that a magnetic field can shift
the Dirac cone in momentum space and deform the constant-energy contour, or opens up a band
gap at the Dirac point, depending on the magnetization orientation. The double gate voltage
induces quantum wells and/or quantum barriers on the surface of topological insulators, generating
surface resonant tunnelling states. It is found that the hexagonal warping effect can increase the
electronic transport at high energies when the constant-energy contour exhibits a snowflake shape.
The energy-dependent conductances in the parallel and antiparallel magnetic configurations exhibit
out-of-phase oscillations due to the quantum interference of propagating waves in the region between
the two magnetized segments. Although the conductance spectrum of the double-well structure is
higher than that of the double-barrier structure, the magnetoresistance ratio versus the separation
distance between the two magnetized barriers exhibits pronounced oscillations due to the resonant
tunnelling states. We show that the surface state transport can be controlled by the exchange field
and gate voltage without breaking time reversal symmetry, suggesting that the double gated and
magnetized topological insulators can be utilized to achieve a large magnetoresistance ratio with a
tunable sign.
I. INTRODUCTION
Three-dimensional (3D) topological insulators are
characterized by their gapless surface states and bulk gap
as a consequence of time-reversal symmetry and band
inversion induced by a strong spin-orbit coupling [1–3].
As a result of such a strong interaction, the magnetic
heterostructures composed of topological materials have
received significant attention for both their possible tech-
nological applications and the potential to promote our
fundamental understanding of the underlying physics [4–
6]. Moreover, the spinmomentum locking in the surface
states of the topological insulators is able to induce a
non-equilibrium spin accumulation which can be electri-
cally detected by measuring the hysteresis loops of the
in-plane resistance of the magnetic tunnel junctions [7–
9].
On the other hand, gate voltages and external mag-
netic fields can cause many interesting effects in propa-
gating behaviour of Dirac fermions by inducing electric
and/or magnetic barriers on the surface of topological
insulators [10–14]. The electronic transport properties of
a ferromagnet/normal/ferromagnet junction on the sur-
face of a topological insulator showed that the conduc-
tance oscillates with the width of normal segment and
gate voltage, like a spin field-effect transistor [14]. Based
on a transfer-matrix method, a theoretical investigation
on the transport properties of Dirac electrons on the sur-
face of 3D topological insulators under the modulation of
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electromagnetic superlattices has shown an imbalance be-
tween the number of transport channels for parallel and
antiparallel magnetic configurations [10, 11]. Moreover,
the electric and magnetic barriers can reveal electron
beam collimating property [10]. Transport properties
of electrons through a step junction, quantum wells and
quantum superlattices on the surface of topological insu-
lators have also suggested a clear oscillating behaviour in
terms of incident angle of electrons, similar to those seen
in FabryPerot interference in optics [12]. Chiba et al.,
[15] modelled magnetic-proximity-induced magnetoresis-
tance in disordered topological/ferromagnetic insulator
bilayers by means of Kubo and Boltzmann theories. It
was shown that for in-plane magnetizations the magne-
toresistance ratio vanishes, while for out-of-plane magne-
tizations an energy gap opens up at the Dirac point which
causes a large magnetoresistance value. Indeed, the in-
terface between a ferromagnet and a topological insulator
is considered as a spin source and accordingly, the spin-
orbit coupling can enhance the magnitude of both charge
and spin currents in the system [16, 17].
At low energies, the Fermi surface of the topological
surface states is a circle and the electronic states near
the Dirac point can be well described by the Dirac equa-
tion. As the Fermi energy increases, however, the shape
of the constant-energy contour may change from a circle
to a hexagon and then to a snowflake with sharp tips
along the six Γ-M directions. This phenomenon which
is known as the hexagonal warping effect [18, 19] and
causes significant modifications in both DC conductiv-
ity [20] and optical conductivity [21], first observed in a
Bi2Te3 sample [22]. Angle-resolved-photoemission spec-
troscopy experiments have demonstrated that Bi2Te3 has
a single Dirac cone on its surface [22]. In addition to the
2in-plane spin polarization, the warping effect leads to an
out-of-plane spin component which is carried by the sur-
face states.
Transport properties of topological insulators with
warped surface states have recently been studied [23–28].
For instance, the scattering properties of a straight step
defect on the surface of Bi2Te3 revealed a strong depen-
dence on the direction in which the defect extends [23].
At high energies where the warping effect is large, sev-
eral critical momenta on the constant-energy contour are
found, so that an incident wave with one of these mo-
menta can be totally reflected or perfectly transmitted.
There is always a finite reflection if the incident electron
direction is not perfectly normal [23]. Here, we would
like to emphasize that not all the surface states of topo-
logical insulators exhibit the hexagonal warping effects.
The size of the energy band gap and the crystal symme-
try of topological insulators are crucial in their hexagonal
warping strength of surface band dispersions [18, 22].
In this paper, we examine the influence of double-
magnetized and double-gated regions on transport prop-
erties of Dirac fermions on the surface of a 3D topological
insulator with hexagonal warping effect. We find that the
resonant states and the electric conductance are strongly
modulated by the gate voltage, incident energy and the
exchange field strength. When the in-plane magnetiza-
tions are aligned in the growth direction, the time re-
versal symmetry is not broken and the conductance pro-
file remains gapless for all electron energies. Although
the conductance of double-well structure is nearly higher
than that of the double-barrier structure, the magnetore-
sistance ratio versus the separation distance between the
two magnetized regions exhibits pronounced oscillations
due to the resonant tunnelling states.
This paper is organized as follows: In Sec. II, we in-
troduce our model and formalism for electron scatter-
ing from the double-gated and magnetized structure in
the presence of hexagonal warping effect. By tuning our
system parameters, numerical results and discussions for
transmission properties, conductance spectra, and mag-
netoresistance ratios of incident electrons are presented
in Sec. III. A brief conclusion is given in Sec. IV.
II. MODEL AND FORMALISM
We consider the 3D topological insulator Bi2Te3 which
demonstrates strong warping effects and a Dirac cone on
its surface. The interaction between bulk states and the
surface states in such a structure can be ignored by tun-
ing the Fermi level on only the surface states via ap-
propriate doping [22]. Therefore, we only focus on the
topological surface states as one of the most important
features of the topological insulators. We have applied
gate voltages and magnetic proximity effects in two re-
gions, called modulated regions of width W , separated
by a distance d, as shown in Fig. 1(a). The effective
Hamiltonian of the surface states in units of ~ = 1 and
FIG. 1: (a) Schematic view of a 3D topological insulator,
modulated by double gate voltage and magnetization effect
on its surface. Panels (b), (c), and (d) show the Dirac cone
of fermions on the surface of a 3D topological insulator in
the presence proximity effect with magnetization orientation
along the z, x, and y axis, respectively. Panels (e), (f), and
(g) show the constant-energy contours corresponding to Dirac
cones (b), (c) and (d), respectively, at incident energy E =
400meV. The black dots in (e)-(g) represent the Dirac point,
while the green and blue solid lines are associated with ∆ = 0,
and ∆ = 70meV, respectively.
in the absence of particle-hole asymmetry can be given
by [23]:
Hˆ = υF (kxσy − kyσx) + λ(k
3
x − 3kxk
2
y)σz + V (x) , (1)
with
V (x) = (Ug + ∆m · σ)[Θ(x)Θ(W − x)
+ Θ(x− d−W )Θ(d+ 2W − x)] , (2)
where υF is the Fermi velocity, λ is the warping parame-
ter, and σ = (σx, σy , σz) are Pauli matrices. kx = k cosβ
and ky = k sinβ are the in-plane momentum compo-
nents in which β is the incident angle of electrons at
x = 0. The first term in Eq. (1) describes the heli-
cal Dirac fermions on the surface of the topological in-
sulator (see Fig. 1a), while the second term represents
the hexagonal warping effect. V (x) denotes the effects
of gate voltage Ug and magnetic proximity of a ferro-
magnetic insulator with magnetization direction m =
(sin θ cosϕ, sin θ sinϕ, cos θ) in the regions 0 ≤ x ≤ W
and d+W ≤ x ≤ d+2W . Here, θ is the polar angle with
respect to the z-axis and ϕ is the azimuthal angle mea-
sured from the x-axis. Also, Θ(x) is the step function and
3∆ is the proximity-induced exchange energy. Note that
the gate voltage may act as a potential barrier (Ug > 0)
or a quantum well (Ug < 0) for incident electrons with
energy E.
The energy dispersion of the topological surface states
in the presence of a gate voltage and magnetic proximity
effects can be obtained by:
E(k) = Ug + sǫ(k) , (3)
with
ǫ(k) =
√
[λ(kx
3 − 3kxky
2) + ∆cos θ]2 +A , (4)
where s = ±1 correspond to the upper and lower surface
bands, respectively, and A = (∆ sin θ cosϕ − υFky)
2 +
(∆ sin θ sinϕ+ υF kx)
2. We shall assume the Fermi level
lies in the upper band (s = +1).
Using (kx
3 − 3ky
2kx) = k
3 cos 3β, we can rewrite Eq.
(4) as
ǫ(k) =
√
υ2Fk
2 +∆2 sin2 θ −B + C , (5)
where B = 2υFk∆sin θ sin(β−ϕ) and C = (λk
3 cos 3β+
∆cos θ)2. If we ignore the warping effect and rewrite
Eq. (5) as a second-order equation in terms of k, the
condition of having real values for k is obtained as
|E − Ug| ≥ ∆
√
sin2 θ cos2(β − ϕ) + cos2 θ. (6)
In this case, when the magnetization direction is per-
pendicular to the surface of topological insulator (θ =
φ = 0), the largest energy gap, 2∆, opens up at the Dirac
point. This gap opening which suppresses the longitudi-
nal conductivity can cause a large magnetoresistance ra-
tio [15]. For other magnetization directions, however, the
energy gap is determined by |2∆ cos θ|. In other words,
the minimum value of the square root in Eq. (6) can be
obtained when cos(β − φ) = 0. Therefore, in the case of
in-plain magnetization (θ = π/2), the energy dispersion
becomes gapless.
In the presence of hexagonal warping effect, however,
we find that the Fermi contour deforms into a snowflake
shape. Moreover, the magnetic proximity effect can shift
the Dirac cone and open up a gap in the band structure.
In Figs. 1(b)-(d) we have shown the energy dispersion of
the surface states when the magnetization is along the z,
x, and y axis, respectively. When the magnetization is
fixed along the z axis, the change in the Fermi contour
is very small (see Fig. 1(e)), whereas the energy contour
is modulated and shifted for the magnetization along x
and y axes [see panels (f) and (g) in Fig. 1]. It is clear
that in the case of magnetization along the y axis, an
energy gap which is much smaller than that with the
magnetization along the z axis opens up at the Dirac
point. Nevertheless, since the gap width of 11 meV [panel
(d) in Fig. 1] is much smaller than the thermal energy of
26 meV at room temperature, such a band gap does not
considerably affect device performance.
Now we turn to electron transport through our main
structure shown in Fig. 1(a). We consider an electron
with momentum q = (qx, qy) and energy E > 0 incident
from left on the interface of normal/modulated regions at
x1 = 0. The energy and y-component of the momentum
are conserved in the scattering process. In the normal
regions (∆ = 0, Ug = 0), the equation E(qx, qy) = EF in
terms of qx is a sextic algebraic equation with six solu-
tions. If the energy is above the critical value Ec ≈ 377
meV, the six roots are all real numbers, otherwise two
roots are real and the rest are complex [23]. In the mod-
ulated regions, however, the six roots are obtained from
the equation E(kx, ky) = EF in terms of kx.
By solving Eq. (1), the corresponding eigenstates in
the modulated regions can be written as:
u(km, r) =
√
|ϕ1m|2
|ϕ1m|2 + |ϕ2m|2
(
1
ϕ2m
ϕ1m
)
eikx,mxeikyy ,
(7)
with
ϕ1m(kx,m, ky) = ∆cos θ+ǫ(k)+λkx,m(k
2
x,m−3k
2
y) , (8)
ϕ2m(kx,m, ky) = ∆ sin θ e
iφ − υF (ky − ikx,m) , (9)
where m = 1 − 6. Moreover, the electron eigenstates
um(q, r) in the normal regions follow similarly from Eq.
(7). As a result, for an incident electron with given en-
ergy EF , the wave functions of the scattering states in
all regions can be written as
ψ1(r) = u(q
i
x, qy) +
3∑
m=1
rmu(q
r
x,m, qy) x ≤ 0 , (10)
ψ2(r) =
6∑
m=1
smu(kx,m, ky) 0 ≤ x ≤W , (11)
ψ3(r) =
3∑
m=1
fmu(q
r
x,m, qy) +
3∑
m=1
gmu(q
t
x,m, qy)
W ≤ x ≤ d+W , (12)
ψ4(r) =
6∑
m=1
hmu(kx,m, ky) d+W ≤ x ≤ d+ 2W ,
(13)
ψ5(r) =
3∑
m=1
tmu(q
t
x,m, qy) x ≥ d+ 2W , (14)
Here u(qix, qy) is the incident eigenstate, gm and tm are
the transmission amplitudes with eigenstates u(qtx,m, qy)
in the central and right normal regions, respectively, rm
and fm are the reflection amplitudes associated with the
4eigenstates u(qrx,m, qy) in the left and central normal re-
gions, while sm and hm are the scattering amplitudes in
the modulated regions.
For fixed value of Fermi energy EF and qy, the solu-
tion of E(qx, qy) = EF is dependent on whether EF < Ec
or EF > Ec. Therefore, there are two types of solu-
tions. The first type which corresponds to EF < Ec
consists of two real roots and four complex ones. There-
fore, since the incident wave vector qi must be a real
number, the conditions for the reflected wave vector qr
and the transmitted wave vector qt can be chosen as
qix = q
t
x,1 = −q
r
x,1 (real roots) and q
t
x,2(3) = −q
r
x,2(3)
(imaginary roots) [23]. For the second type of solu-
tions corresponding to EF > Ec, all the roots are real
numbers (three positive roots and three negative roots
with the same absolute values) so that, two of them are
hole-like propagating waves (qxυx(q) < 0) and the other
roots are electron-like waves (qxυx(q) > 0). Consider-
ing the fact that the incident wave vector must be real,
the wave vectors can be chosen as qix = q
t
x,1 = −q
r
x,1,
qtx,2(3) = −q
r
x,2(3), q
t
x,1(2) > 0, q
t
x,3 < 0, υx(q
t
x,m, qy) > 0
[23]. Here, υx(q) =
∂E
∂qx
is the electron group velocity
along the x axis.
Since the Hamiltonian Eq. (1) is a third-order par-
tial differential equation with respect to kx, to determine
the reflection and transmission amplitudes, the following
boundary conditions should be satisfied:
ψn(r) |r=(xn,y)= ψn+1(r) |r=(xn,y) ,
∂xψn(r) |r=(xn,y)= ∂xψn+1(r) |r=(xn,y) ,
∂2xψn(r) |r=(xn,y)= ∂
2
xψn+1(r) |r=(xn,y) ,
(15)
with n=1-4. Using the above boundary conditions and
the transfer matrix method which connects the incident
wave to the transmitted wave [24, 29, 30], all the reflec-
tion and transmission amplitudes can be determined.
For the first type of solution, the total transmission
coefficient of electrons with energy E and incident angle
β = arctan(
qy
qx
) is given by T (E, β) = |t1|
2, whereas for
the second type of solution, the total transmission coef-
ficient is calculated by T (E, β) =
∑3
i=1 |ti|
2. Moreover,
using the continuity equation ∇ · J+ ∂ρ∂t = 0, the charge
current density J of an electron with charge e can be
expressed by the following components:
Jx = evF (ψ
†
l σyψl) + 3eλk
2 cos 2β(ψ†l σzψl) , (16)
Jy = −evF (ψ
†
l σxψl)− 3eλk
2 sin 2β(ψ†l σzψl) , (17)
where ρ is the charge density and k is the magnitude
of wave vector in region l(≡ 1− 5). Therefore, assuming
that the system has a large width in the y direction given
by Ly, the net current going from left to right is given by
I =
Ly
2π2
∫ ∞
0
∫ pi/2
−pi/2
Jx[f1(ǫk)− f5(ǫk)]kdkdβ , (18)
FIG. 2: Transmission probability T as a function of the in-
cident angle β with magnetization angles (a) θ = ϕ = 0,
and (b) θ = pi/2, φ = 0 at different energies E = 200 meV
(red), E = 300 meV (blue), and E = 400 meV (green).
The other parameters are Ug = 300 meV, ∆ = 30meV and
d =W = 4nm.
FIG. 3: Transmission probability T as a function of the in-
cident angle β with E = Ug = 350 meV, ∆ = 50 meV and
θ = ϕ = pi/4 for (a) d = 3 nm and (b) W = 3 nm.
where fl(ǫ) is the Fermi function in region l. Considering
Eq. (16) for region 5 and the difference of Fermi func-
tions at low temperature and a small bias voltage, the
differential conductance G of electrons at Fermi energy
can be obtained by
G = g0
∫ pi/2
−pi/2
T (EF , β)F (kF (β), β)dβ , (19)
with
F (kF , β) =
[2Bv2Fk
2
F cosβ + 3λk
3
F (B
2 − v2F k
2
F ) cos 2β]vF
EF (B2 + v2Fk
2
F )[
dE(k,β)
dk ]|kF (β)
,
(20)
B = λk3F cos 3β +
√
v2Fk
2
F + λ
2k6F cos
2 3β , (21)
5kF =
√
[
√
κ32
27
+
κ21
4
+
κ1
2
]1/3 − [
√
κ32
27
+
κ21
4
−
κ1
2
]1/3 ,
(22)
where kF ≡ kF (EF , β) is the Fermi wave vector of in-
cident electrons, κ1 =
E2F
λ2 cos2 3β , κ2 =
v2F
λ2 cos2 3β , and
g0 =
e2EFLy
2pi2vF
is the unit of conductance with ~ = 1.
Note that, we expect the maximum value of conduc-
tance to be 2g0 due to the integral over β ∈ [−
pi
2 ,
pi
2 ].
Such an interval for angle of incidence is especially nec-
essary when the mirror symmetry in the constant-energy
contour is broken in the presence of an external magnetic
field (see Fig. 1(f)).
III. RESULTS AND DISCUSSION
We now use the above method to obtain the numer-
ical results of electronic transport through the double
modulated structure presented in Fig. 1(a). We choose
υF = 2.55 eV A˚ and λ = 250 eV A˚
3 which produce the
Fermi surface of Bi2Te3 in good agreement with exper-
iments [22]. The electron scattering in our system is
governed by the exchange field strength ∆, applied gate
voltage Ug, the width of gate regions W , the separation
distance d and the magnetic alignments of the two mod-
ulated regions.
In Figs. 2(a) and (b), we have depicted the variation
of transmission probability with incident angle of elec-
trons through the structure, when m in both modulated
regions is aligned along the z- and x-directions, respec-
tively. As can be seen, the the system is fully transparent
(T = 1) at some incident angles, whereas the normally in-
cident electrons are not perfectly transmitted due to the
induced magnetic field. Indeed, the perfect transmission
found for normally incident Dirac fermions is shifted from
normal incidence (β = 0) to an off-normal angle (β 6= 0)
when the magnetic fields align along the x-direction (see
Fig. 2(b)) [31, 32]. Such an effect, however, does not
occur for the case of m in the z-direction, as a result of
broken time-reversal symmetry. Note that time reversal
symmetry on the surface of each modulated region is de-
pendent on the magnetization orientation in that region.
Therefore, the time reversal symmetry remains broken as
long as the magnetization orientations in both modulated
regions are not fully aligned in the x-direction.
The number of tunnelling resonances increases with
increasing the incident electron energy and that the in-
cident angles at which the resonances occur are con-
siderably energy dependent. When m aligns along the
z-direction the transmission profile is symmetric about
β = 0 while, this symmetry is broken for the case of m
in the x-direction. This effect is fully associated with
the broken mirror symmetry in the constant-energy con-
tour around Γ-K direction as shown in Fig. 1(f). For
the special case of E = Ug = 300meV with m in the z-
FIG. 4: Calculated conductance as a function of gate voltage
Ug (a) at different values of ∆ but fixed E =200 meV and
(b) various incident energies E but fixed ∆ = 50 meV. The
other parameters are θ = φ = pi/4 and W = d = 5nm.
direction a strong suppression in the transmission prob-
ability of normally incident electrons happens compared
to the transmission panels in the case of E 6= Ug. Due
to the gap opening in energy dispersion and the influ-
ence of warping effect (see Fig. 1(b)), this behaviour is
in contrast to p-n-p graphene junctions, where the trans-
mission is nonzero and perfect (T = 1) only at normal
incidence [32].
In Figs. 3(a) and 3(b), we show our analysis of the
transmission probability for θ = φ = pi4 with different W
values but fixed separation distance d and with different
d values but fixed W , respectively. It can be seen that
with decreasing W , the transmission lobes become pro-
gressively wider and that the T (E, β) profile approaches
the maximum value around normal incidence, confirming
the role of proximity effect in suppression of transmission
for normal incident electrons. Moreover, as the spatial
separation d between the two modulated regions is in-
creased the transmission probability spans over a wider
angular range. For a fixed magnetization direction, the
transmission probabilities are equally shifted from the
normal incidence, regardless of the values of W and d, as
shown in Fig. 3.
To investigate the effect of double gate voltage on
transmitted electrons, we have depicted in Fig. 4(a) the
conductance versus gate voltage for fixed parallel mag-
netization directions with θ = φ = pi4 at different ex-
change energies ∆. In such a magnetic direction an en-
ergy gap opens up around the Dirac point as a result of
nonzero m component in z-direction. We see that the
6FIG. 5: Calculated conductance as a function of incident en-
ergy E with Ug = 200meV, ∆ = 50meV for parallel magne-
tization directions at (a) θ = ϕ = 0, and (b) θ = pi/2, φ = 0.
The insets represent the conductance vs incident energy in the
presence and absence of warping effect with Ug = 100meV
and d = W = 5 nm.
conductance decreases with increasing the exchange field
and hence the band gap (Fig. 4(a)). For instance, in
the case of ∆ = 60 meV, we found an energy gap of
86.4meV around the Dirac point and the conductance
reaches a minimum and nearly constant value in the in-
terval 180 < Ug < 250meV around the gate value at
which Ug = E = 200meV. As Ug increases, G decreases
for all ∆ values until the Dirac point approaches the inci-
dent energy at which the coherent tunnelling governs the
mechanism of charge transport. Then the conductance
gradually increases with gate voltage to almost 1g0 and
exhibits distinct resonant peaks. The magnetic proxim-
ity effect reduces the conductance in the system, while
the behaviour of G remains nearly unchanged with gate
voltage. Such a behaviour has also been seen in p-n-p
graphene heterojunctions under the influence of external
magnetic field [32]. Moreover, Fig. 4(b) shows the con-
ductance as a function of gate voltage at different incident
energies E. At Ug < E, the conductance has larger val-
ues for higher energies and its minimum value is shifted
along the voltage axis as the energy is increased. The
position and the hight of resonant peaks are dependent
on ∆ and E values.
Energy dependence of the conductance at different d
and W values with parallel magnetizations in the z- and
x-direction is shown in Figs. 5(a) and (b), respectively.
In the conductance spectra, one can see several resonant
peaks whose positions are shifted by changing d and W ,
simultaneously, regardless of the orientation of magne-
tizations. When the magnetizations align along the z-
FIG. 6: Calculated conductance as a function of incident en-
ergy E with ∆ = 40meV and d = W = 4nm, when the
magnetization orientations align along the (a) z- and (b) x-
axes.
direction (θ = 0, φ = 0) the conductance around E = Ug
approaches to zero and a gap opens up in the conduc-
tance spectra as d and W are increased. This is a typical
signature of broken time-reversal symmetry as a result of
the normal component ofm in the modulated regions. In
contrast, the conductance spectra do not exhibit any gap
opening when the magnetizations align in the x-direction
(θ = π/2, φ = 0). The conductance in the minimum case
is greater than 0.2g0, indicating that due to the time re-
versal symmetry, the system is conductive for all surface
electron energies, i.e., E ≤ Ug and E > Ug. This result
clearly suggests that magnetization directions can control
the electron charge transport on the surface of double-
gated topological insulators. In addition, to examine the
influence of warping effect on the electronic transport, we
have depicted in the insets of Fig. 5 the conductance vs
incident energy in the presence and absence of warping
term (see Eq. (1)). At low energies, the conductance is
not affected by the warping strength, as expected from
Fig. 1(b) and (c). At high energies relative to the Dirac
point, however, the warping effect considerably enhances
the conductance due to more transport channels resulting
from the snowflake shape of the constant-energy contour.
The spin of topological surface states which lies in-
plane is locked at right angles to the electron momentum,
so that electrons in k and −k states carry opposite spins
and possess opposite group velocities. Moreover, in the
presence of hexagonal warping effect, an in-plane mag-
netic field not only deforms the constant-energy contour,
but also shifts the Dirac point, as shown in Figs. 1(f) and
7FIG. 7: Calculated magnetoresistance ratio as a function of
incident energy E with ∆ = 40meV and d = W = 4nm.
The magnetization orientations align along the (a) z- and (b)
x-axes.
(g) by a black dot. Therefore, the currents of electrons
with opposite spin directions can no longer compensate
each other, and hence, a spin-polarized current can be
produced [7, 8]. This property can be used to exam-
ine the magnetoresistance effect in our double-gated and
magnetized structure. To do this, the electric conduc-
tance should be calculated in the two cases of parallel
(Pa) and antiparallel (APa) magnetization directions. In
Figs. 6(a) and (b), we have depicted the conductance
versus energy, for both Pa and APa magnetization orien-
tations along z- and x-axes, respectively. Also, we have
shown the effect of positive and negative gate voltages on
the conductance values for the two magnetization orien-
tations. A positive (negative) gate voltage in the surface
of topological insulator induces a double quantum barrier
(well) structure and hence, the resonant states play the
main role in the process of electron transport. For mag-
netizations in the x-direction, the conductance exhibits
more oscillatory behaviour and the overlap between con-
ductance values in the Pa and APa magnetizations is
negligible compared to that for magnetizations in the z-
direction, regardless of the sign of Ug. The structure
with quantum wells is more conductive than the structure
with quantum barriers due to the electron tunnelling pro-
cess, except for low energy electrons. Furthermore, due
to the quantum interference of propagating waves in the
region between the two magnetized segments, the con-
ductance oscillations in the APa configuration are 180◦
out-of-phase with respect to those in the Pa magnetic
configuration, regardless of the sign of gate voltage. This
indicates that one can obtain a large magnetoresistance
FIG. 8: Calculated magnetoresistance ratio as a function of
distance between the two magnetized regions at E = 150
meV with ∆ = 40meV and W = 4nm. The magnetization
orientations align along the (a) z- and (b) x-axes.
effect in these double-modulated devices.
The magnetoresistance ratio is defined as
MR =
GPa −GAPa
GPa
× 100% (23)
whereGPa andGAPa are the conductances in the parallel
and antiparallel magnetization orientations, respectively.
In Figs. 7(a) and (b), we plot the magnetoresistance
versus energy, when magnetization aligns along the z-
and x-axes, respectively. We can see that MR exhibits
an oscillatory behaviour due to the existence of resonant
states in both double-barrier and double-well structures.
In the case of magnetization in the z-axis, MR value can
reach ∼ -170% for the structure with double quantum
barrier, whereas it reaches ∼ +60% for double quantum
well structure. On the other hand, when magnetization
aligns along x-axis, MR oscillation decreases and the val-
ues are mostly positive. A positive magnetoresistance ra-
tio which indicates a low resistance in the parallel mag-
netic configuration is of key importance for spintronic
applications. For high energy electrons, MR approaches
zero and the difference in the MR values in a double-
barrier or double-well structure becomes negligible due
to the suppression of conductance oscillations at high en-
ergies, as shown in Fig. 6.
Figure 8 shows the MR as a function of separation d
between the two magnetized regions. The MR exhibits
large oscillations with distance d in double-barrier struc-
tures, whereas the change in the magnetoresistance is
very small in double-well structures. When m directions
align along the z-axis, the MR finds positive and nega-
8tive values by varying the separation distance. On the
contrary, MR is fully positive and exceeds +50%, when
m orientations align in the x-direction. Note that MR
is a function of energy as discussed in Fig. 7, never-
theless the nature of oscillations versus the separation
distance between the two magnetized regions is indepen-
dent of energy and it comes from spin-momentum locking
of surface states. The MR oscillations closely resemble
Ruderman-Kittel-Kasuya-Yoshida (RKKY) interactions
between two impurity magnetic moments placed on the
surface of a topological insulator and predict that the
surface electronic states mediate such a RKKY interac-
tion among the magnetic modulated regions [33, 34]. It is
worth mentioning that although magnetic impurities on
the surface of topological insulators break time reversal
symmetry by inducing a band gap in the energy disper-
sion, time reversal breaking does not form in a system
consisting of magnetic modulated regions with magneti-
zation directions along the x-axis.
IV. CONCLUSIONS
In summary, we have theoretically investigated the ef-
fects of double gate voltage and magnetism on Dirac
fermions on the surface of a topological insulator. Our
findings demonstrate that the conductance decreases
with increasing the exchange field and that the reso-
nant states are not strongly affected by changing the
magnetization orientation. The hexagonal warping ef-
fect increases the conductance at high energies when the
constant-energy contour forms a snowflake shape. For
magnetization direction along x-axis, time reversal sym-
metry is not broken and the system remains conductive
for all surface electron energies. Although the double-
well structure is more conductive than the double-barrier
structure, the MR oscillations corresponding to a positive
gate voltage are more significant than those in the case of
negative gate voltages. The MR is an oscillatory function
in terms of energy and the separation distance between
the two magnetized regions. Our results suggest that the
charge transport and MR effect on the surface of double-
gated topological insulators can be effectively controlled
by tuning the double gate voltage and magnetism.
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